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Overview
In [BP20], Boxer and Pilloni construct Hida and Coleman families that p-adically
interpolate classes in the coherent cohomology of modular curves. One novelty is
that they consider two families, built from degree 0 and degree 1 cohomology,
respectively, of automorphic line bundles on the modular curve. The case of degree
0 recovers what are classically known as Hida theory and Coleman theory, whereas
the case of degree 1 is entirely new.
The aim of this study group is to understand Higher Hida and Coleman theories
in the case of the modular curve, and to give an overview of their generalisations to
higher dimensional Shimura varieties. We plan to conclude with a brief discussion
of some recent works in which these theories play a prominent role: the proof of
the potential modularity of abelian surfaces in [BCGP18] and the construction of
p-adic L-functions for GSp4 in [LPSZ19].
The material is intended to be accessible to students, who are encouraged to
volunteer!
Schedule
October 7th, Talk 1, Overview. Speaker: Ana Caraiani.
Recall the geometric definition of modular forms of weight k ≥ 1 using the coherent cohomology of modular curves. State the Eichler–Shimura isomorphism and
give completed cohomology as an example for constructing a p-adic family of modular curves. Introduce a geometric construction of a p-adic family, namely Hida’s
space of ordinary p-adic modular forms. Mention the case of higher-dimensional
Shimura varieties and the role of the Weyl group.
October 14th, Talk 2: The geometry of the modular curve. Speaker:
Louis Jaburi.
Discuss the geometry of the integral model of the modular curve, with hyperspecial as well as Iwahori level Γ0 (p) at p. Give the moduli interpretation in terms of
elliptic curves with additional structure. On the special fibre, discuss the Newton
stratification and describe the forgetful maps from the ordinary locus at Iwahori
level to the hyperspecial level in terms of the canonical subgroup µp∞ . Define the
automorphic line bundles that give rise to modular forms. Define the Igusa tower
and explain why the pullbacks of automorphic line bundles on it are trivialised.
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October 21st, Talk 3, Background from algebraic geometry. Speaker:
Soham Karwa.
Discuss cohomology with compact support of coherent sheaves and Serre duality,
following Hartshorne [Har72]. Discuss cohomological correspondences as in [BP20,
§2.1]. Give a simple example, where the correspondence is a trace map.
October 28th, Talk 4, Hida theory. Speaker: Juan Esteban Rodriguez
Camargo.
Discuss Hida’s idempotent as in [BP20, §2.2]. Discuss the Hecke correspondence
Tp with the correct normalisation for each ω k as in [BP20, §3.1]. Discuss the
material in [BP20, §4.1, 4.2] that refers to Hida theory (the results for degrees k ≥
2). State and sketch the proof of Theorem 4.15, part 2. Additional reference: [Pil13].
November 4th, Talk 5, Higher Hida theory. Speaker: Andrew Graham.
Discuss the material in [BP20, §4.1, 4.2] that refers to higher Hida theory (the
results for degrees k ≤ 0). State and sketch the proof of Theorem 4.15, part 1. Pay
particular attention to explaining why F acts on compactly supported coherent
cohomology. End by discussing Serre duality and the perfect pairing between the
two Λ-adic families, summarising the material in [BP20, §3.2, 4.3].
November 11th, Talk 6, The canonical subgroup. Speaker: Chi-Yun
Hsu.
Discuss the canonical subgroup and its properties [BP20, Sec.5.2], [Kat73]. Describe how the degree of the subgroup parametrizes certain regions of the adic
modular curve of Iwahori level, and the relation with the Up -correspondence [BP20,
§5.3]. Define cohomology over these regions and the closed support variant. Sketch
the compactness of the action of Up [BP20, Prop. 5.8]. Discuss the classicality
theorem (Thm. 5.13), giving some details of the proof of Lemma 5.11.
November 18th, Talk 7, Coleman theory and higher Coleman theory.
Speaker: Ashwin Iyengar.
Explain how the interpolation of the sheaves ω k can be extended beyond the
ordinary locus [BP20, Sec.5.5.1-2], [Pil13]. Discuss how the action of Up on the
cohomology interpolates. Describe the two alternative constructions of the eigencurve [BP20, §5.6], and sketch the discussion of their comparison via Serre duality
[BP20, Sec. 5.6-7].
November 25th, Talk 8, Higher Coleman theory for higher-dimensional
Shimura varieties I. Speaker: Pol van Hoften.
December 2nd, Talk 9, Higher Coleman theory for higher-dimensional
Shimura varieties II. Speaker: Pol van Hoften.
December 9th, Talk 10, Applications I: Potential modularity of abelian
surfaces. Speaker: Toby Gee.
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State the modularity lifting theorem of [BCGP18] and its application to the
proof of the potential modularity of abelian surfaces. Discuss the construction and
properties of the Hida complexes (th. 4.6.1). Explain how to use Coleman theory
to prove the classicality theorem [BCGP18, §6.6]. Discuss how to reduce to the
previous classicality result using doubling arguments ([BCGP18, §5]) to prove the
modularity theorem ([BCGP18, §8]).
December 16th, Talk 11, Applications II: p-adic L-functions for GSp4 .
Speaker: Pak-Hin Lee.
Explain how to extend the applications of higher Hida theory to singular weights
to cover the case of regular weights [LPSZ19, 3.6]. Discuss the p-adic pushforward
map from p-adic modular forms for GL2 × GL2 to p-adic families in the H 1 spaces
for GSp4 and how to use it to interpolate period integrals. Define the local and
global integral formulae of [LPSZ19, §8] and [LPSZ19, §9]. Explain how to use
these results to construct p-adic L-functions for GSp4 .
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